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LOCAL PLURISUBHARMONIC DEFINING FUNCTIONS ON THE
BOUNDARY
LUKA MERNIK
Abstract. Necessary conditions for a domain Ω ⊂ Cn admitting a local plurisubharmonic
defining function on the boundary are given. In tandem, we give an algorithm to construct
a local plurisubharmonic defining function on the boundary when one exists. In some cases
we show that the necessary conditions are also sufficient.
1. Introduction
A strongly pseudoconvex domain in Cn always admits a (strongly) plurisubharmonic
defining function [19]. However weakly pseudoconvex domains do not generally satisfy an
analogous property. Diederich and Fornaess [8] and Fornaess [9] found examples of weakly
pseudoconvex domains in C2 which do not admit plurisubharmonic defining functions.
A weaker notion than having a plurisubharmonic defining function was also introduced
by Diederich and Fornaess [7]. They showed that for any bounded pseudoconvex domain Ω
in Cn with C2 boundary, there exists a positive constant η and a defining function ρ such
that −(−ρ)η is plurisubharmonic on Ω. Such η is called a Diederich-Fornaess exponent and
the supremum of all Diederich-Fornaess exponents is the Diederich-Fornaess index. The
existence of bounded plurisubharmonic functions have later been generalized to domains
with C1 boundary [15] and Lipschitz boundary [6], [12].
If a domain admits a plurisubharmonic defining function then the Diederich-Fornaess
index is 1. Furthermore, Fornaess and Herbig [10], [11] showed that if a domain has a
defining function plurisubharmonic on the boundary then the Diederich-Fornaess exponent
is 1. However the converse is not true: a domain with the Diederich-Fornaess index 1
need not admit a plurisubharmonic defining function as shown by Behrens’ example [1].
Examples with Diederich-Fornaess exponent strictly less than 1 include worm domains; for
explicit computations see [17].
The focus of this paper is to identify obstructions to having a local plurisubharmonic
defining function on the boundary. In addition to Diederich and Fornaess examples, Behrens
[1] constructed a pseudoconvex domain of D’Angelo type 6 in C2 which does not admit a
local plurisubharmonic defining function, not even on the boundary. The obstruction in
their examples comes from the inability to construct a real-valued multiplier function h
that satisfies a specific partial differential equation on certain curves lying in the boundary.
We generalize this statement and make it precise by stating the explicit differential equation
that needs to be solved. Namely:
Theorem 1.1. Suppose that ρ = r · h is a local plurisubharmonic defining function. Then
∂
∂z
log h = − ∂
∂z
log rw¯ + E,
where |E|2 ≤ C(Lr + |rz|2).
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The second obstruction involves the determinant of the complex Hessian H . We show
that the Levi form generates “free” positivity for the determinant of the complex Hessian.
This gives rise to a necessary and sufficient condition for having a plurisubharmonic defining
function.
Theorem 1.2. A domain Ω = {r < 0} ⊂ C2 has a local plurisubharmonic defining function
in a neighborhood of p ∈ bΩ if and only if there exists a function T : C2 → R and a positive
constant C > 0 such that −H(1+T )r ≤ CLr in a neighborhood of p.
Thus the Levi form is a threshold that a determinant of the complex Hessian of h needs to
achieve in order for ρ = r ·h to be a local plurisubharmonic defining function on the bound-
ary. “Spreading” of positivity of the Hessian and other intermediate positivity conditions
have been studied in [13] and [14].
The last possible obstruction is the |rz|2 term. It is unknown whether this is actually
an obstacle for producing a local plurisubharmonic defining function on the boundary and
if so, what a geometric interpretation should be. The Example 5.6 shows that this term
needs to be considered, but does not necessarily prevent the domain from having a local
plurisubharmonic defining function on the boundary.
For domains in Cn the above conditions are still necessary as each 2× 2 principal minor
of the complex Hessian needs to be positive semidefinite on its own. However a few more
obstructions arise. The same multiplier function must satisfy the corresponding differential
equations for z1, ..., zn−1 simultaneously. The necessary conditions imposed by positive
semidefiniteness of higher order minors of the complex Hessian have not been studied.
Kohn [16] showed that if the Diederich-Fornaess index is 1 then the ∂¯-Neumann opera-
tor is globally regular. For more general necessary condition needed for domains to have
index 1 see [18]. In general, plurisubharmonic defining functions are of importance in the
study of the ∂¯-Neumann operator as it is a sufficient condition for global regularity of ∂¯-
Neumann operator and the Bergman projection [2], [3], [4], [5]. That is, the domains with
plurisubharmonic defining function satisfy condition R.
This paper is a part of the authors PhD thesis. The author would like to thank his
adviser Jeffery D. McNeal for bringing this problem to his attention and for many helpful
discussions.
2. Definitions and Notation
We denote the partial derivatives with a subscript, e.g. rzj =
∂r
∂zj
.
We say that r is a defining function for a domain Ω ⊂ C2 provided that Ω = {(z, w) ∈
C
2 : r(z, w) < 0} ⊂ C2 and ∇r 6= 0 on the boundary.
Let p ∈ bΩ. By rotation and translation we may assume that p = (0, 0) is the origin. By
the Implicit function theorem we may assume that r is of the form
r(z, w) = Imw + F (z, z¯,Rew, Imw) ,
where the terms in F are of degree at least 2. The crucial property is that rw 6= 0 is
non-vanishing in some neighborhood of the origin.
The complex tangent space T 1,0p bΩ to bΩ at p is defined to be all ξ = (ξ1, ξ2) ∈ C2
satisfying
2∑
j=1
∂r
∂zj
(p)ξj = 0.
Ω is pseudoconvex if
3Lr(ξ) =
2∑
j,k=1
∂2r
∂zj∂z¯k
(p)ξj ξ¯k ≥ 0 for all ξ ∈ T 1,0p bΩ,
for all p ∈ bΩ. In C2 the tangent space is 1-dimension and 〈rw,−rz〉 ∈ T 1,0p bΩ, so define
Lr = Lr(〈rw,−rz〉) = rzz¯|rw|2 + rww¯|rz|2 − 2Re[rzw¯rwrz¯].
A function r is plurisubharmonic if
2∑
j,k=1
∂2r
∂zj∂z¯k
(p)ξj ξ¯k ≥ 0 for all ξ ∈ C2.
Alternative description of plurisubharmonic function r is that a complex Hessian matrix
Hr is positive semidefinite. This is equivalent to the diagonal entries rzz¯, rww¯ ≥ 0 and the
determinant Hr = det(Hr) = rzz¯rww¯ − |rzw¯|2 ≥ 0.
We will consider the local versions of the above definitions, i.e. the above definitions only
need to hold on a neighborhood of the origin inside the boundary.
Throughout, r denotes the defining function of Ω, and ρ denotes a local plurisubharmonic
defining function, provided one exists. In that case we can write ρ = r · h, for some real-
valued, multiplier function h, which does not vanish in a neighborhood of the origin.
Finally, we use O and O as big O and little O notation respectively.
3. Necessary Conditions
Let Ω ⊂ C2 be a domain with a defining function r(z, w) = Imw + F (z, z¯,Rew, Imw)
where the terms in F are of order at least 2. Suppose that Ω admits a local plurisubharmonic
defining function on the boundary ρ = r · h. Write h = 1 +Kr + T where K ∈ R and T is
a real-valued function.
We wish to analyze the properties of ρ, derivatives of ρ, and the complex Hessian of ρ in
terms of r and the complex Hessian of r.
The first key proposition is
Proposition 3.1.
Hρ = Hhr = H(1+Kr+T )r = 2KhLr +H(1+T )r
Proof. Let h = 1 +Kr + T and p = 1 + T . Note that on bΩ, h = p.
ρzz¯ =rzz¯h+ 2Re[rz¯hz] = rzz¯h+ 2Re[rz¯(Krz + Tz)]
=rzz¯h+ 2K|rz|2 + 2Re[rz¯Tz]
ρww¯ =rww¯h+ 2Re[rwhw¯] = rww¯h+ 2Re[rw(Krw¯ + Tw¯)]
=rww¯h+ 2K|rw|2 + 2Re[rwTw¯]
ρzw¯ =rzw¯h+ rzhw¯ + rw¯hz = rzw¯h+ rz(Krw¯ + Tw¯) + rw¯(Krz + Tz)
=rzw¯h+ 2Krzrw¯ + rzTw¯ + rw¯Tz
Note that ρww¯ is non-vanishing and positive for K > 0 big enough.
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The determinant of the complex Hessian is:
Hρ =ρzz¯ρww¯ − |ρzw¯|2
=(rzz¯h+ 2Re[rz¯Tz] + 2K|rz |2)(rww¯h+ 2Re[rwTw¯] + 2K|rw|2)− |rzw¯h+ rzTw¯ + rw¯Tz + 2Krzrw¯|2
=(rzz¯h+ 2Re[rz¯Tz])(2K|rw|2) + (rww¯h+ 2Re[rwTw¯])(2K|rz |2)
+ (rzz¯h+ 2Re[rz¯Tz])(rww¯h+ 2Re[rwTw¯]) +✭✭✭✭
✭
✭✭
4K2|rz|2|rw|2
− |rzw¯h+ rzTw¯ + rw¯Tz|2✭✭✭✭✭✭
✭✭−4K2|rz|2|rw|2 − 2Re[(2Krz¯rw)(rzw¯h+ rzTw¯ + rw¯Tz)]
=2Khrzz¯|rw|2 +
✭
✭
✭
✭
✭
✭
✭
✭
4KRe[rz¯Tzrwrw¯] + 2Khrww¯|rz|2 +
✭
✭
✭
✭
✭
✭
✭
✭
4KRe[rwTw¯rzrz¯] + (pr)zz¯(pr)ww¯
− |(pr)zw¯|2 − 4KhRe[rz¯rwrzw¯]
✭
✭
✭
✭
✭
✭
✭
✭
✭−4KRe[rz¯rwrzTw¯]
✭
✭
✭
✭
✭
✭
✭
✭
✭−4KRe[rz¯rwrw¯Tz]
=2Kh
[
rzz¯|rw|2 + rww¯|rz|2 − 2Re[rzw¯rz¯rw]
]
+ (pr)zz¯(pr)ww¯ − |(pr)zw¯|2
=2KhLr + Hpr .

Remark 3.2. If A is the complex Hessian of p · r and B is a complex Hessian of r2, the
proposition is equivalent to:
For 2× 2 matrices A and B,
det(A+B) = detA+ detB + detA · tr(A−1B) ,
where detB = 0 and det(A)tr(A−1B) = hLr when restricted to the boundary.
Proposition 3.1 uncovers positivity of the Levi form that is “hidden” in the determinant
of the complex Hessian. Thus the difficulty of producing a local plurisubharmonic defining
function on the boundary lies in the construction of a real-valued function T such that
negativity of H(1+T )r, the determinant of the Hessian of (1 + T )r, can be controlled by the
Levi form. An immediate corollary to Proposition 3.1 is
Theorem 3.3. Ω admits a local plurisubharmonic defining function on the boundary if and
only if there exists a real-valued function T and a constant C > 0 such that −H(1+T )r ≤
CLr.
The hardest term to control in the determinant of the complex Hessian
Hr = rzz¯rww¯ − |rzw¯|2
is the off-diagonal −|rzw¯|2 term. Next, the necessary bounds, on the terms in the determi-
nant of the complex Hessian, for the function to be plurisubharmonic are recorded.
Lemma 3.4. Suppose ρ is a local plurisubharmonic defining function. Then
(1) 2hLr
|rw|2
+ 2ρww¯ |rz|
2
|rw|2
≥ ρzz¯
(2) ρzz¯ ≥ ρww¯ |rz|
2
2|rw|2
− hLr
|rw|2
(3) ρzz¯ ≥ hLr2|rw|2 −
ρww¯ |rz|2
|rw|2
(4) |ρzw¯|2 ≤ 2ρww¯hLr|rw|2 +
2ρ2ww¯ |rz|
2
|rw|2
As a consequence ρzz¯, |ρzw¯|2 ≤ C(Lr + |rz|2), or equivalently ρzz¯, |ρzw¯|2 = O(Lr + |rz|2) in
U ∩ bΩ for some neighborhood U of the origin.
5Proof. Since ρ is plurisubharmonic, the complex Hessian is positive semidefinite for all
vectors in C2. The complex Hessian for a vector 〈2nrw,−rz〉 is
0 ≤ H (〈2nrw,−rz〉) =ρzz¯22n|rw|2 + ρww¯|rz|2 − 2 · 2nRe[ρzw¯rwrz¯]
=22nρzz¯|rw|2 + ρww¯|rz|2 + 2n(Lρ − ρzz¯|rw|2 − ρww¯|rz|2)
=2n(2n − 1)ρzz¯|rw|2 + (1− 2n)ρww¯|rz|2 − 2nLρ
=2n
[
(2n − 1)ρzz¯ |rw|2 + (1− 2
n)
2n
ρww¯|rz|2 + Lρ
]
Therefore
(2n − 1)ρzz¯|rw|2 + (1− 2
n)
2n
ρww¯|rz|2 + Lρ ≥ 0
For n = 1,−1, using the fact that Lρ = hLr on bΩ, inequalities (2) and (1) are obtained:
ρzz¯|rw|2 − 1
2
ρww¯|rz|2 + hLr ≥ 0
−1
2
ρzz¯|rw|2 + ρww¯|rz|2 + hLr ≥ 0
For (3), apply the complex hessian to the vector 〈rw, rz〉:
0 ≤ H (〈rw, rz〉) =ρzz¯|rw|2 + ρww¯|rz|2 + 2Re[ρzw¯rz¯rw]
=ρzz¯|rw|2 + ρww¯|rz|2 −Lρ + ρzz¯|rw|2 + ρww¯|rz|2
=2ρzz¯|rw|2 + 2ρww¯|rz|2 −Lρ
To obtain inequality (4), use (1) and |ρzw¯|2 ≤ ρww¯ρzz¯. 
Remark 3.5. The Example 5.6 shows that we cannot improve the inequality (4) to |ρzw¯|2 ≤
CLr.
Using the bounds above, we prove the second key proposition.
Proposition 3.6. Suppose that ρ = r · h is a local plurisubharmonic defining function on
the boundary. Then
∂
∂z
log h = − ∂
∂z
log rw¯ + E,
where |E|2 ≤ C(Lr + |rz|2).
If we write h = 1 +Kr + T , then
∂
∂z
log(1 + T ) = − ∂
∂z
log rw¯ + E,
where |E|2 ≤ C(Lr + |rz|2).
Proof. We use the following fact in the subsequent calculations:
|A+B|2 = |A|2+|B|2+2Re[AB¯] ≥ 1
2
|A|2−|B|2+1
2
|A|2+2|B|2−2|A||B| AM-GM≥ 1
2
|A|2−|B|2
C(Lr + |rz|2) ≥ |ρzw¯|2 = |rzw¯h+ rzhw¯ + rw¯hz|2 ≥ 1
2
|rzw¯h+ rw¯hz|2 − |rz|2|hw¯|2
C˜(Lr + |rz|2) ≥ |rzw¯h+ rw¯hz|2 = |rw||h|
∣∣∣∣hzh +
rzw¯
rw¯
∣∣∣∣
2
= |rw||h|
∣∣∣∣ ∂∂z log h+
∂
∂z
log rw¯
∣∣∣∣
2
Cˆ(Lr + |rz|2) ≥
∣∣∣∣ ∂∂z log h+
∂
∂z
log rw¯
∣∣∣∣
2
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Note that the logarithms are well defining in a small neighborhood of the origin, i.e. there
is a branch cut consistent with h and rw¯.
Write h = 1 +Kr + T , and notice that h = 1 + T on bΩ.
C(Lr + |rz|2) ≥ |rzw¯h+ rzhw¯ + rw¯(rz + Tz)|2 ≥ 1
2
|rzw¯(1 + T ) + rw¯Tz|2 − |rz|2|rw¯ + hw¯|2
The conclusion follows from the calculation above. 
Therefore, we have obtained two necessary conditions on the multiplier h = 1 +Kr + T
to produce a local plurisubharmonic defining function on the boundary ρ. Namely:
Theorem 3.7. Suppose that ρ = r · h is a local plurisubharmonic defining function on the
boundary and h = 1 +Kr + T . Then
(1) ∂
∂z
log(1 + T ) = − ∂
∂z
log rw¯ + E where |E|2 ≤ C(Lr + |rz|2) for some C > 0.
(2) −H(1+T )r ≤ CLr for some C > 0.
4. Sufficient condition
Suppose that there exists a real-valued function T such that
(4.1)
∂
∂z
log(1 + T ) = − ∂
∂z
log rw¯ + E
where |E|2 ≤ C(Lr + |rz|2) for some C > 0.
Let p = 1 + T . The Equation (4.1) is equivalent to
Tz = −przw¯
rw¯
+ pE .
Compute the second order derivatives:
(rp)zz¯ = przz¯ + 2Re[rz¯Tz] = przz¯ + 2Re[rz¯(−przw¯
rw¯
+ pE)]
= p
[
rzz¯ − 2Re[rzw¯ rz¯
rw¯
]
]
+ 2pRe[rz¯E]
= p
[
rzz¯ − 2Re[rzw¯ rz¯
rw¯
] + rww¯
|rz|2
|rw|2
]
− prww¯ |rz|
2
|rw|2 + 2pRe[rz¯E]
=
p
|rw|2Lr − prww¯
|rz|2
|rw|2 + 2pRe[rz¯E](4.2)
and
|(rp)zw¯|2 = |przw¯ + rzTw¯ + rw¯Tz|2 =
∣∣∣∣przw¯ + rzTw¯ + rw¯(−przw¯rw¯ + pE)
∣∣∣∣
2
= |rzTw¯ + prw¯E|2 = |rz|2|Tw|2 + 2Re[prw¯Twrz¯E] + p2|rw¯|2|E|2(4.3)
In particular, both |(rp)zz¯|, |(rp)zw¯|2 ≤ K(Lr + |rz|2) for some K. Therefore −Hpr =
−H(1+T )r ≤ K˜(Lr + |rz|2).
Theorem 4.4. Suppose that |rz |2 ≤ CLr. Then there exists a local plurisubharmonic
defining function on the boundary if and only if we can solve Equation (4.1). Furthermore
ρ = (1 +Kr + T )r is a local plurisubharmonic defining function on the boundary for some
K > 0.
7Proof. We already showed that Equation (4.1) is a necessary condition. Under the additional
assumption that there is a T satisfying Equation (4.1), −H(1+T )r ≤ C(Lr + |rz|2) ≤ C˜Lr
for some C, C˜ > 0. Then by Theorem 3.3 there exists K > 0 such that (1 +Kr + T )r is a
local plurisubharmonic defining function on the boundary. 
4.1. |rz |2 6≤ CLr case. If |rz|2 6≤ CLr for any C > 0 in any neighborhood of the origin,
then the terms involving rz and E will play a significant role in determining if there is a
local plurisubharmonic defining function on the boundary. The terms we do not have a
desired control of are −prww¯
|rw|2
|rz|2 and 2pRe[rz¯E] in the Equation (4.2). In the Equation
(4.3), the problematic terms are |rz|2|Tw|2, 2Re[prw¯Twrz¯E], and p2|rw¯|2|E|2.
The terms involving E can be improved by solving the Equation (4.1) to a higher order,
for example, the E terms satisfy |E|2 ≤ CLr or even better. Secondly, if ρww¯ vanishes at
the origin, the negativity of the determinant of the complex Hessian is easier to control.
On the other hand the terms involving just |rz|2 are harder to control. The lowest order
terms of T , and therefore Tw, are forced by the Equation (4.1). Thus there is no way of
improving the bounds while still satisfying a necessary Equation (4.1). However, Tw and
rww¯ can be helpful. If Tw and rww¯ vanish to high order the determinant of the complex
Hessian of (1 + T )r can still satisfy −H(1+T )r ≤ CLr.
The Example 5.6 shows that |rz|2 ≤ CLr is not a necessary condition to having a local
plurisubharmonic defining function on the boundary. Thus the following question remains
open:
Question 4.5. Find a domain where |rz|2 is the obstruction to having a local plurisubhar-
monic defining function on the boundary.
5. The Method
5.1. Basic strategy. In this section we give an illustration of how to produce a local
plurisubharmonic function on the boundary.
Given a defining function r, our goal is to construct a real-valued T that satisfies
(5.1)
∂
∂z
log(1 + T ) = − ∂
∂z
log rw¯ + E ,
where |E|2 ≤ C(Lr + |rz|2) for some C > 0.
Write rw =
1
2i + r˜w, where r˜w vanishes at the origin. The Equation (5.1) is equivalent to
Tz = −(1 + T )rzw¯
rw¯
+ (1 + T )E
= −(1 + T ) rzw¯− 12i + r˜w¯
+ (1 + T )E
= −(1 + T ) rzw¯− 12i(1− 2ir˜w¯)
+ (1 + T )E
= 2i(1 + T )rzw¯(1 + 2ir˜w¯ + (2ir˜w¯)
2 + ...) + (1 + T )E
= 2irzw¯(1 +O(T, r˜w¯)) + (1 + T )E(5.2)
We wish to solve the Equation (5.1) up to the error terms E, where |E|2 ≤ C(Lr + |rz|2).
Therefore, any terms in (5.2) whose modulus squared is bounded above by C(Lr + |rz|2)
for some C > 0 can be omitted when solving this differential equation. In order to take
full advantage, split rzw¯ = Sr + E, where |E|2 ≤ C(Lr + |rz|)2 and S are the remaining
terms which do not satisfy this bound. Thus disregarding the error terms E, the differential
equation (5.2) reduces to:
(5.3) Tz = 2iSr(1 +O(T, r˜w¯)) .
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We may view the remaining terms as a telescoping series. Since T and r˜w¯ vanish at the origin
they will produce terms of higher order, which we may ignore at the first pass. Therefore
we may further reduce the differential equation (5.3) to:
(5.4) Tz = 2iSr .
Suppose a real-valued function T solving (5.4) exists. Let ρ1 = (1 + T )r. Then
(ρ1)zw¯ =rzw¯ + rzhw¯ + rw¯hz
=(Sr + E)(1 + T ) + rzTw + rw¯(2iSr)
=Sr + SrT + E(1 + T ) + rzTw + (− 1
2i
+ r˜w¯)2iSr
=SrT +E(1 + T ) + rzTw + 2ir˜w¯Sr
Notice the cancellation of the Sr. Therefore,
|(ρ1)zw¯| ≤ |Sr||T |+ |E|(1 + |T |) + |rz||Tw|+ 2|rw¯||Sr|
= |Sr| · O(|T |, |r˜w¯|) + |E|(1 + |T |) + |rz||Tw| .
Using Cauchy-Schwarz we obtain:
|(ρ1)zw¯|2 ≤ 3|Sr| · O(|T |, |r˜w¯|) + 3|E|2(1 + |T |)2 + 3|Tw|2|rz|2
= 3|Sr| · O(|T |, |r˜w¯|) +O(Lr + |rz|2)
The new defining function ρ1 need not be plurisubharmonic, but a necessary condition
|ρzw¯|2 ≤ C(Lr + |rz|2) is “closer” to being satisfied. This is so because the relevant terms
Sρ1 of (ρ1)zw¯ satisfy
(5.5) |Sρ1 | ≤ 3|Sr| · O(|T |, |r˜w¯|) = |Sr| · O(1) < |Sr| .
We can repeat the above process to construct ρ2, ρ3,... If at any point ρn is plurisubhar-
monic, we achieved our goal. On the other hand, if one differential equation Tz = 2iSρn that
comes up in the construction cannot be solved, the domain does not have a local plurisub-
harmonic defining function on the boundary. This process may continue indefinitely, but
we do not consider the question of convergence or plurisubharmonicity of the limit function
in this paper.
5.2. Strongly pseudoconvex domains. Let Ω ⊂ C2 be a strongly pseudoconvex domain.
By the definition of strong pseudoconvexity, the Levi form Lr > 0 for every point on the
boundary. In particular, the Levi form at the origin, Lr(0, 0) = L > 0, is positive. By
the continuity of the Levi form there is a neighborhood of the origin U on which Lr >
L
2 .
To produce a local plurisubharmonic defining function we need to solve the Equation (5.1).
However, we notice that on U , |rzw¯| ≤ C = O(1) = O(L ). Therefore the Equation (5.1)
reduces to
∂
∂z
log(1 + T ) = 0 + E ,
which is solved by T = 0.
Also, on U , |rz|2 ≤ C˜ = O(1) = O(Lr). Therefore by Theorem 4.4, (1 +Kr)r is a local
plurisubharmonic defining function on the boundary for some K > 0.
5.3. Example of D’Angelo type 4.
Example 5.6. Let rA(z, w) = Imw + |z|4 + 100|z|6 + 4RezRew −A(Rew)2.
Lemma 5.7. ΩA = {rA < 0} is pseudoconvex in a (small) neighborhood of the origin if
and only if A ≥ 8.
9Proof. A direct computation shows that in a sufficiently small neighborhood of the origin
LrA ≥
1
2
(Imz)2 + 100|z|4 + (Rez)2 + 2A(Rew)2 − 8RezRew
=
1
2
(Imz)2 + 100|z|4 + ǫ(Rez)2 + (2A − 16
1− ǫ)(Rew)
2 + (
√
1− ǫRez − 4√
1− ǫRew)
2
≥1
2
(Imz)2 + ǫ(Rez)2 + (2A− 16
1− ǫ)(Rew)
2 + 100|z|4
for any 1 > ǫ ≥ 0. This shows that ΩA is pseudoconvex if A ≥ 8. (Actually, ΩA is
pseudoconvex if and only if A ≥ 8.) 
Lemma 5.8. Let A ≥ 8. The defining function rA is not plurisubharmonic in any neigh-
borhood of the origin.
Proof. A necessary condition for rA being plurisubharmonic is (rA)ww¯ ≥ 0 in some neigh-
borhood of the origin. However, (rA)ww¯ = −A2 < 0. 
Lemma 5.9. Let A > 8. Then ρ1 = r(1− 4Imz+Kr) is a local plurisubharmonic defining
function on the boundary for some K > 0.
Proof. Since A > 8, we can pick ǫ > 0 small enough such that
(5.10) LrA ≥
1
2
(Imz)2 + ǫ(Rez)2 + ǫ(Rew)2 ≥ ǫ|z|2 + ǫ(Rew)2 .
Notice that
|(rA)z|2 =
∣∣2z|z|2 + 300z|z|4 + 2Rew∣∣2 ≤ 2 ∣∣2z|z|2 + 300z|z|4∣∣2 + 8(Rew)2
=8(Rew)2 +O(|z|6) ≤ 8
ǫ
LrA .
Thus by Theorem 4.4 ρ = r(1 + T +Kr) is a local plurisubharmonic defining function for
some K > 0 if and only if T solves the differential equation (5.1). Furthermore, (5.10)
shows that any non-constant term in the equation (5.1) is an error term E.
The first differential equation we need to solve is
Tz = 2iSrA = 2i(1) .
It is easy to check that T = −4Imz is a solution to Tz = 2iSrA and the differential equation
(5.1) is satisfied up to error terms E. Therefore ρ = ρ1 = r(1 − 4Imz + Kr) is a local
plurisubharmonic defining function on the boundary for some K > 0. 
Lemma 5.11. Let A = 8. Then ρ2 = r(1 − 4Imz − 8(Rez)2 + 8(Imz)2 + Kr) is a local
plurisubharmonic defining function on the boundary for some K > 0.
Proof. The Levi form is given by
Lr8 ≥
1
2
(Imz)2 + (Rez − 4Rew)2 + |z|4 ,
and
|(r8)z|2 = 4(Rew)2 + 4RewRe
[
2z|z|2 + 300z|z|4]+ ∣∣2z|z|2 + 300z|z|4∣∣2 .
Notice that on {Imz = 0,Rez = 4Rew} the Levi form vanishes to order 4, while |(r8)z|2
vanishes to order 2. Therefore |(r8)z|2 6≤ CLr8 for any C > 0 in any neighborhood of the
origin. Thus Theorem 4.4 cannot be applied.
Moreover, direct computation shows that ρ1 = r(1−4Imz+Kr) is not plurisubharmonic
for any K > 0. In this case we need to solve the differential equation (5.1) to higher order.
The second differential equation then becomes
(T2)z = 2i ((ρ1)zw¯) = 2i(−4Imz + 4iRez − 16iRew) = −8iImz − 8Rew + 32Rew .
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The solution is T2 = 8(Imz)
2 − 8(Rez)2 + 64RezRew. However, notice that 64RezRew is a
multiple of a term in the defining function r. Thus, the contributions of this term already
come from the Kr term in the multipler function h. Therefore we can omit 64RezRew from
T to produce a simpler multiplier function h. A direct computation shows that ρ = ρ2 =
r(1− 4Imz+8(Imz)2 − 8(Rez)2 +Kr) is a local plurisubharmonic defining function on the
boundary for some K > 0.

6. Domains in Cn
Let Ω = r(z1, ...., zn) < 0 ⊂ Cn. The complex tangent space T 1,0p bΩ to bΩ at p is defined
to be all ξ = (ξ1, ..., ξn) ∈ Cn satisfying
n∑
j=1
∂r
∂zj
(q)ξj = 0.
Ω is pseudoconvex if
Lr(ξ) =
n∑
j,k=1
∂2r
∂zj∂z¯k
(q)ξj ξ¯k ≥ 0 for all ξ ∈ T 1,0p bΩ,
Similarly, r is plurisubharmonic if
Lr(ξ) =
n∑
j,k=1
∂2r
∂zj∂z¯k
(q)ξj ξ¯k ≥ 0 for all ξ ∈ Cn
Choose a coordinate system such that the defining function r is of the form
r(z1, ..., zn−1, w) = Imw + F (z1, z¯1, ..., zn−1, z¯n−1,Rew, Imw) ,
where terms of F are of degree at least 2.
Let vj = 〈0, ..., 0, rw , 0, ...0,−rzj 〉, where rw is in the j-th coordinate for j = 1, ..., n − 1.
Notice that v1, ..., vn−1 form a basis for the tangent space T
1,0
p bΩ to bΩ at p. Let
Lr(vj) = rzj z¯j |rw|2 + rww¯|rzj |2 − 2Re[rzjw¯rwrz¯j ]
be the Levi form acting on vj . Let H
j
f = det
(
fzj z¯j fzjw¯
fz¯jw fww¯
)
be the determinant of the
corresponding 2× 2 minor of the complex Hessian of f .
Similar proofs as in C2 case, by considering the appropriate 2× 2 minor of the complex
Hessian matrix, give the following analogs:
Proposition 6.1. For j = 1, ..., n − 1
H
j
(1+Kr+T )r = 2KhLr(vj) + H
j
(1+T )r
Lemma 6.2. Suppose ρ = r·h is a local plurisubharmonic defining function on the boundary.
(1)
2hLr(vj)
|rw|2
+
2ρww¯ |rzj |
2
|rw|2
≥ ρzj z¯j
(2) ρzj z¯j ≥
ρww¯ |rzj |
2
2|rw|2
− hLr(vj)|rw|2
(3) ρzj z¯j ≥ hLr(vj)2|rw|2 −
ρww¯|rzj |
2
|rw|2
(4) |ρzjw¯|2 ≤ 2ρww¯hLr(vj)|rw|2 +
2ρ2ww¯ |rzj |
2
|rw|2
As a consequence ρzj z¯j , |ρzjw¯|2 ≤ C(Lr(vj) + |rzj |2), or equivalently ρzj z¯j , |ρzjw¯|2 =
O(Lr(vj) + |rzj |2) in U ∩ bΩ for some neighborhood U of the origin .
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Proposition 6.3. Suppose that ρ = r · h is a local plurisubharmonic defining function on
the boundary. Then for j = 1, ..., n − 1
(6.4)
∂
∂zj
log h = − ∂
∂zj
log rw¯ +Ej ,
where |Ej |2 ≤ C(Lr(vj) + |rzj |2).
The same mutiplier function h needs to satisfy the differential equation (6.4) for all
j = 1, ..., n − 1.
7. Concluding remarks
A similar problem is of interest in the real setting as well: can we find a convex defining
function (real Hessian is positive semi-definite for all real vectors) for convex domains (real
Hessian of a defining function is positive semi-definite for tangent vectors) in Rn. The
statements and proofs are completely analogous.
Proposition 7.1. Suppose that ρ = r · h is a convex defining function for
Ω = {r(x1, ..., xn−1, y) < 0} ⊂ Rn
with ry 6= 0. Then for j = 1, ..., n − 1
∂
∂xj
log h = − ∂
∂xj
log ry + Ej,
where |Ej |2 ≤ C(L˜r(vj) + |rxj |2) and L˜r(vj) is the “real analog of the Levi form”.
However the real setting is “easier” in the following sense: since ry is real, we may take
h = 1 +Kr + ry to be the multiplier function.
This recovers, from a different view-point, a result from [13] that every convex domain
in Rn has a defining function whose Hessian is positive semi-definite in a neighborhood of
the boundary of the domain.
A further question is considering extending the positivity of the Hessian past the bound-
ary and inside the domain. In a similar fashion to Proposition 3.1, we obtain
Hrh =Hrp + 4K
2r2Hr + 4K
2rLr + 2KLrp + 2Kr [(rp)zz¯rww¯ + (rp)ww¯rzz¯ − 2Re[(rp)zw¯rz¯w]]
=Hrp + 4K
2r2Hr + 4K
2rLr + 2KpLr + 2KrLp
+ 2Kr[(rp)zz¯rww¯ + (rp)ww¯rzz¯ − 2Re[(rp)zw¯rz¯w]]
We plan to consider this in a future paper.
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